i

}\@
1/17/26, 5:52 AM Divide-and-Conquer Strong Correlation SCOTTISH

SCIENCE
SociETY

X

Divide-and-Conquer Strong Correlation: How
Embedding Transforms Exponential Walls into
Engineering Problems

DOI:10.62161/113361
Richard Murdoch Montgomery

Scottish Science Society, Edinburgh, Scotland

editor@scottishsciencesociety.uk

ABSTRACT

The accurate quantum mechanical treatment of strongly correlated electrons represents one of
the grand challenges in computational chemistry and materials science. Phenomena central to
catalysis, bond dissociation, and transition metal chemistry are governed by complex electron
interactions that demand a multireference description, yet the exact solution scales exponen-
tially with system size, rendering direct approaches computationally intractable. This article ex-
amines how modern quantum embedding methods have fundamentally reframed this challenge,
transforming an insurmountable exponential wall into a series of tractable engineering de-
cisions. By partitioning large molecular systems into chemically critical fragments treated with
high-level solvers such as the Density Matrix Renormalisation Group or selected configuration
interaction methods, whilst embedding these fragments within environments described by effi-
cient mean-field theories, researchers can now tackle problems that were previously beyond
reach. We present the theoretical foundations of these divide-and-conquer approaches, analyse
their practical implementation through matrix product states and bath construction algorithms,
and evaluate their performance on challenging benchmark systems including transition metal
complexes and catalytic active sites. The resulting methodological framework represents not
merely an incremental improvement but a paradigm shift in how computational chemists ap-

proach the strong correlation problem.

Keywords: strong correlation, density matrix renormalisation group, selected configuration interaction,
quantum embedding, density matrix embedding theory, multireference chemistry, matrix product states, tensor

networks, transition metal complexes, computational catalysis
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1. Introduction

The electronic structure of molecules and materials fundamentally determines their chemical
properties, reactivity, and physical behaviour. At the heart of modern quantum chemistry lies the
electronic Schrodinger equation, whose solution provides the complete quantum mechanical de-
scription of any chemical system. Whilst this equation has been known for nearly a century, ob-
taining its solution for systems of practical chemical interest remains one of the most computa-
tionally demanding problems in all of science. The challenge becomes particularly acute for
systems exhibiting strong electron correlation, where the collective quantum behaviour of elec-
trons cannot be adequately captured by simple approximations that treat electrons as largely in-

dependent particles.

Strong electron correlation manifests in systems where multiple electronic configurations
possess similar energies and contribute significantly to the ground-state wavefunction. Such
multireference character appears ubiquitously across chemistry, arising in transition metal com-
plexes with partially filled d-orbitals, lanthanide and actinide compounds with complex f-elec-
tron configurations, molecules undergoing bond dissociation, excited electronic states, and rad-
ical species with unpaired electrons. These systems are not mere curiosities confined to aca-
demic interest; rather, they lie at the heart of some of the most important problems in modern
chemistry. Catalytic processes, which underpin the industrial production of chemicals, pharma-
ceuticals, and materials, frequently involve transition metal centres exhibiting pronounced mul-
tireference character. Biological enzymes utilise metal cofactors whose electronic structures de-
mand sophisticated theoretical treatment. The rational design of new materials for energy stor-
age, conversion, and quantum information processing similarly requires accurate modelling of

strongly correlated electrons.

The fundamental obstacle to treating strong correlation accurately is what researchers collo-
quially term the exponential wall. The exact solution to the electronic structure problem,
provided by the Full Configuration Interaction method, requires consideration of all possible
ways of distributing electrons among available orbitals. For a system of N electrons in K orbit-
als, the number of electronic configurations scales combinatorially, growing roughly as the bi-
nomial coefficient C(K,N) squared. This explosive growth means that whilst FCI calculations
are feasible for small molecules with perhaps sixteen electrons in sixteen orbitals, extending
such calculations to chemically realistic systems containing dozens or hundreds of correlated
electrons lies utterly beyond the reach of any conceivable classical computer. The computa-

tional resources required would exceed those available in the entire observable universe.

Conventional quantum chemical methods have developed various strategies to circumvent

this exponential scaling, though each approach carries its own limitations. Kohn-Sham density
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functional theory achieves favourable polynomial scaling by recasting the many-electron prob-
lem in terms of single-particle equations, with electron correlation effects absorbed into approx-
imate exchange-correlation functionals. This approach has proven remarkably successful for
weakly correlated systems, enabling routine calculations on molecules containing thousands of
atoms. However, commonly employed density functional approximations fail systematically for
strongly correlated systems, often producing qualitatively incorrect results for spin-state ener-
getics, reaction barriers, and molecular geometries. Single-reference coupled cluster theory,
whilst highly accurate for systems dominated by a single electronic configuration, similarly
breaks down when multiple configurations become important, as manifested by large amp-

litudes and erratic convergence behaviour.

Traditional multireference methods, developed precisely to address strong correlation, face
their own form of exponential scaling. The Complete Active Space Self-Consistent Field
method treats a subset of orbitals and electrons, termed the active space, at the full CI level
whilst optimising the remaining orbitals variationally. Although CASSCF can provide qualitat-
ively correct wavefunctions for strongly correlated systems, the underlying FCI calculation
within the active space limits applications to roughly eighteen to twenty orbitals in practice.
Many chemically interesting problems, including realistic models of enzyme active sites, poly-
nuclear transition metal clusters, and extended conjugated systems, require active spaces sub-

stantially exceeding these limits.

The past two decades have witnessed the emergence of a fundamentally different approach
to strong correlation, one that transforms the seemingly insurmountable exponential wall into a
series of manageable engineering challenges. This divide-and-conquer paradigm rests on two
key insights. First, the development of polynomial-scaling approximations to FCI, most notably
the density matrix renormalisation group and selected configuration interaction methods, has
dramatically expanded the size of strongly correlated problems that can be addressed directly.
Second, quantum embedding frameworks enable the targeted application of these expensive
methods only where they are truly needed, whilst treating the remainder of the system with
computationally efficient approaches. The combination of advanced solvers with intelligent em-
bedding schemes has opened new frontiers in computational chemistry, enabling quantitatively

accurate treatment of systems that were previously inaccessible.

The transformation from exponential scaling to engineering optimisation manifests con-
cretely in the practical workflow of modern multireference calculations. Rather than confront-
ing an impossibly large FCI problem, researchers now face a series of well-defined decisions:
How should the molecular system be partitioned into active and environmental regions? What
level of correlation treatment is appropriate for each region? How should quantum mechanical
entanglement between regions be represented? What post-embedding corrections are necessary
to achieve target accuracy? Each of these questions admits multiple valid answers, and selecting
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among them requires balancing accuracy requirements against computational cost. The problem

has become one of optimal design rather than brute-force computation.

This article provides a comprehensive examination of the divide-and-conquer approach to
strong correlation. We begin by presenting the theoretical foundations of the key methodolo-
gical components, including tensor network representations of many-electron wavefunctions,
the variational optimisation procedures underlying DMRG, the selection criteria employed in
modern selected CI approaches, and the formal framework for quantum embedding. We then
analyse the practical implementation of these methods, examining how algorithmic choices and
numerical parameters affect accuracy and computational cost. Benchmark calculations on rep-
resentative strongly correlated systems demonstrate the capabilities and limitations of current
approaches. Finally, we consider ongoing developments that promise to extend these methods to
even larger and more complex systems, including the integration of machine learning tech-
niques and the potential role of quantum computers as high-level solvers within classical em-

bedding frameworks.

2. Theoretical Foundations

2.1 The Exponential Wall: Quantifying the Challenge

To appreciate the magnitude of the strong correlation problem, we must first quantify the expo-
nential growth in computational cost. The electronic wavefunction for a system of N electrons
can be expanded exactly in terms of Slater determinants, antisymmetrised products of single-
electron orbitals that satisfy the Pauli exclusion principle. For N electrons distributed among K
spatial orbitals, with each orbital capable of holding zero, one, or two electrons with opposing
spins, the total number of determinants with correct electron number grows combinatorially.

Specifically, the dimension of the N-electron Hilbert space in K orbitals scales as
dim(H) = C(K, N,) x C(K, Np) 1)

where N, and Ng denote the numbers of spin-up and spin-down electrons respectively, and
C(n,k) represents the binomial coefficient. For a modest system of 30 electrons in 30 orbitals
with equal spin populations, this dimension exceeds 10'®, meaning that storing the FCI wave-
function coefficients would require petabytes of memory. The computational cost of diagonal-
ising the Hamiltonian matrix grows even more steeply, scaling roughly as the cube of this di-

mension for dense matrix methods.
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The Exponential Scaling Wall in Quantum Chemistry

1020

1018 ]

1016 -

Computationally
Intractable

1014 .
Prpctical limit
1012 m.____________ | Il |~/ | )

1010 4

108_

Computational Cost (arbitrary units)

106 =@ FCI (exact)
== DMRG (M=1000)

=f= Selected CI (HCI)

104 n T T T T T T T T
8 10 12 14 16 18 20 22 24 26

Number of Active Orbitals

Figure 1. Comparison of computational scaling for exact and approximate methods treating strong
correlation. The Full Configuration Interaction method (red circles) exhibits exponential growth in
computational cost with system size, rapidly exceeding practical limits for active spaces beyond
approximately 18 orbitals. In contrast, the Density Matrix Renormalisation Group (blue squares) and
Heat-Bath Configuration Interaction (green triangles) methods maintain polynomial scaling through
controlled approximations, enabling treatment of substantially larger systems. The horizontal dashed

line indicates approximate practical computational limits with current hardware.

The exponential scaling of exact methods creates a fundamental barrier that cannot be over-
come through hardware improvements alone. Moore's law, even when it held, provided only ex-
ponential growth in computational resources, insufficient to keep pace with the factorial growth
in problem complexity. Doubling the available computational power might allow treating one or
two additional orbitals in an FCI calculation, a wholly inadequate improvement for chemical
applications. This fundamental limitation has driven the development of alternative approaches
that sacrifice exactness for tractability whilst retaining the ability to systematically improve

accuracy.

2.2 Matrix Product States and the Density Matrix Renormalisation Group

The Density Matrix Renormalisation Group, originally developed by Steven White in 1992 for
studying one-dimensional quantum spin systems in condensed matter physics, has become one

of the most powerful tools for treating strongly correlated electrons in molecular systems. The
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key insight underlying DMRG is that physically relevant wavefunctions occupy only a tiny
corner of the full Hilbert space, characterised by limited entanglement between different regions
of the system. This observation enables dramatic compression of the wavefunction representa-

tion without significant loss of accuracy.

The mathematical framework underlying DMRG becomes transparent through the lens of
tensor network theory. An arbitrary quantum state of L sites (orbitals in the molecular context)

can be written as
¥) = X61..0, Cor0a...0, |0102...01) (2)

where o; denotes the occupation of orbital i (empty, spin-up, spin-down, or doubly occupied)
and the coefficient tensor C contains exponentially many entries. The Matrix Product State rep-
resentation factorises this coefficient tensor into a product of smaller tensors, each associated

with a single orbital:
_ all 2 L
CGle...GL - A[ ]01 A[ ]62 A[ ]GL ®)

Here, each Am(yi is a matrix (a rank-3 tensor with physical index o and two auxiliary indices),
and the product is a matrix multiplication over the auxiliary indices. The dimensions of these
auxiliary indices, collectively called the bond dimension M, control the expressiveness of the
MPS ansatz. An exact representation would require exponentially large bond dimensions, but
for systems with limited entanglement, accurate approximations can be achieved with modest

M values that grow only polynomially with system size.
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Matrix Product State (MPS) Representation
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Figure 2. Graphical representation of a Matrix Product State wavefunction for a five-orbital system.
Each tensor A is depicted as a rectangle, with vertical lines representing physical indices o; (orbital
occupations) and horizontal lines representing auxiliary indices o; connecting adjacent tensors. The
bond dimension M, controlling the size of auxiliary indices, determines both the accuracy and
computational cost of the representation. The MPS structure naturally captures the area law of

entanglement obeyed by ground states of local Hamiltonians.

The DMRG algorithm optimises MPS wavefunctions variationally, seeking the configuration
that minimises the energy expectation value. The optimisation proceeds by sweeping through
the orbitals, optimising one or two tensors at a time whilst holding the others fixed. Each local
optimisation reduces to an eigenvalue problem of manageable size, scaling as M2 rather than ex-
ponentially with system size. The computational cost of a complete DMRG calculation scales as
O(K3M3 + K*M?), which becomes polynomially tractable when M remains bounded. For one-
dimensional systems with short-range interactions, the required bond dimension indeed remains
bounded, making DMRG essentially exact. For the more compact three-dimensional structures
characteristic of molecules, larger bond dimensions are typically necessary, but calculations
with M values of several thousand to tens of thousands routinely achieve microhartree accuracy

for active spaces containing fifty to one hundred orbitals.

The success of DMRG in molecular applications depends critically on orbital ordering,
since the MPS structure implicitly assumes a one-dimensional topology. Whilst the physical
Hamiltonian couples all orbitals through two-electron interactions, intelligent ordering can min-
imise the effective range of these couplings, reducing the entanglement that must be captured.
Various heuristics have been developed, including ordering by spatial locality, orbital energies,
or explicit minimisation of entanglement measures. The genetic algorithm approach, which
evolves orbital orderings to minimise the DMRG energy at fixed bond dimension, has proven

particularly effective for challenging cases.
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2.3 Selected Configuration Interaction Methods

An alternative approach to circumventing the exponential wall exploits the observation that
most determinants in an FCI expansion contribute negligibly to the wavefunction. The Full
Configuration Interaction wavefunction for typical molecular systems exhibits rapid decay in
coefficient magnitudes, with a small fraction of determinants capturing most of the correlation
energy. Selected Configuration Interaction methods exploit this structure by iteratively identify-
ing and including only the most important determinants, constructing a compact yet accurate

representation of the correlated wavefunction.

The Heat-Bath Configuration Interaction algorithm, developed by Holmes and colleagues,
provides a particularly efficient implementation of this strategy. The algorithm maintains a vari-
ational space of determinants and iteratively expands this space by adding determinants connec-
ted by large Hamiltonian matrix elements to those already included. The selection criterion de-
rives from a heat-bath sampling perspective: a determinant |Dj) is added to the variational space
if its connection to the current wavefunction, measured by

|(D;[H|P

var

)| > €1 (4)

exceeds a threshold e1. This criterion ensures that determinants making significant energetic
contributions are captured whilst those with negligible effects are discarded. The efficiency of
HCI stems from the use of precomputed arrays that enable rapid evaluation of Hamiltonian con-
nections, reducing the cost of screening from the naive O(N2K#) scaling to nearly linear in the

size of the variational space.
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Heat-Bath Configuration Interaction (HCI) Selection Scheme

1 |
1 I B Variational determinants
1.0 4 I I B PT2 determinants
: } Discarded
1 |
Variational : }
Space 1 1
0.8 1 |
1 |
1 |
= I ‘
=] 1 |
2 1 \
2 1 . \
& 1 Perturbative [
) 1 Correction I
Q 1 \
© I \
1 1
e i |
1 |
1 |
1 |
} Discarded
1
|
|
T T I L I T E11
0 20 40 60 80 100

Determinant Index (sorted by |coefficient|)

Figure 3. Schematic illustration of the determinant selection scheme in Heat-Bath Configuration
Interaction. Determinants are sorted by the magnitude of their CI coefficients. Those with coefficients
exceeding the variational threshold (blue region) are included in the diagonalisation; those between the
variational and perturbative thresholds (orange region) contribute through second-order perturbation
theory; determinants below both thresholds (grey region) are discarded. The threshold parameters €1

and €2 control the balance between accuracy and computational cost.

After converging the variational wavefunction, HCI applies a perturbative correction to account
for determinants excluded from the variational space. This second-order perturbation theory
correction, using a slightly smaller threshold ez, typically recovers the bulk of the remaining
correlation energy at modest additional cost. The combination of variational and perturbative
treatments enables HCI to achieve near-FCI accuracy for systems where explicit FCI would be
utterly intractable. Benchmark calculations on challenging molecules have demonstrated micro-
hartree accuracy for active spaces exceeding 30 electrons in 30 orbitals, with computational

costs scaling polynomially rather than exponentially.

Other selected CI variants employ different selection criteria and perturbative corrections
whilst sharing the same fundamental philosophy. The Configuration Interaction by
Perturbatively Selected Iterations method uses perturbative estimates of determinant importance
for selection, whilst Adaptive Sampling CI employs stochastic sampling to navigate the determ-
inant space. Full Configuration Interaction Quantum Monte Carlo takes the stochastic approach
further, representing the wavefunction through a population of walkers that evolve according to

imaginary-time dynamics, with the stationary distribution projecting out the ground state. Each

file:///nome/ubuntu/article.html 9/25



1/17/26, 5:52 AM Divide-and-Conquer Strong Correlation
method offers distinct advantages for particular problem types, and the choice among them rep-

resents another engineering decision in the modern multireference workflow.

2.4 Quantum Embedding: The Divide-and-Conquer Framework

Whilst advanced solvers like DMRG and selected CI have dramatically expanded the accessible
active space size, treating entire large molecules at these levels of theory remains prohibitively
expensive. Quantum embedding methods address this limitation by partitioning the system into
regions treated at different levels of theory, concentrating computational effort where it matters
most whilst treating the remainder efficiently. The central physical insight is that strong correla-
tion is typically localised, confined to specific functional groups, metal centres, or bond-break-
ing regions, whilst the surrounding molecular environment exhibits predominantly single-refer-

ence character amenable to mean-field treatment.

The formal framework for quantum embedding begins with partitioning the total system
into an active subsystem A (the fragment) and an environment E. The goal is to solve the
Schrodinger equation for the fragment accurately whilst incorporating the effects of the envir-
onment appropriately. Different embedding schemes accomplish this coupling in distinct ways,
but all must address the fundamental challenge of properly representing quantum mechanical

entanglement between fragment and environment.

Projection-based embedding constructs an effective Hamiltonian for the fragment that in-
cludes the influence of the environment through projection operators. The fragment orbitals are
constrained to remain orthogonal to the occupied environment orbitals through a level-shift op-
erator, preventing the high-level treatment from erroneously recovering correlation already cap-
tured at the low level. The embedding potential incorporates the electrostatic, exchange, and
correlation effects of the environment on the fragment. Within this framework, the total energy

partitions naturally as
Etotal = Ehigh[A] + Elow[E] + Eint[A’E] ©)
where Ejp;,[A] denotes the high-level fragment energy, E,,,[E] the low-level environment en-

ergy, and E; [A,E] captures interaction terms including the embedding correction to avoid

double counting.
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Density Matrix Embedding Theory (DMET) Partitioning
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D Fragment: DMRG/SCI solver

D Bath: Entangled orbitals

. Environment: Mean-field (DFT)
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(High-level)

Environment electrons treated at mean-field level

Figure 4. Schematic representation of the Density Matrix Embedding Theory partitioning scheme. The
full molecular system (outer region) is divided into a fragment (orange) treated at high level with
DMRG or selected CI, a bath (blue) of entangled orbitals constructed to represent the environment's
coupling to the fragment, and the remaining environment treated at mean-field level. The purple arrow
indicates quantum entanglement between fragment and bath, which must be captured accurately for

reliable embedding results.

Density Matrix Embedding Theory takes a complementary approach, focusing on the one-
particle reduced density matrix rather than the wavefunction itself. DMET constructs, for each
fragment, a bath of auxiliary orbitals that captures the entanglement between the fragment and
its environment. The fragment plus bath system is then treated at high level, whilst self-consist-
ency conditions ensure that the fragment density matrix obtained from the high-level calculation
matches that from the global mean-field treatment. This self-consistency loop, whilst adding
computational overhead, ensures that the embedding is internally consistent and that properties

computed from the fragment treatment reflect the true chemical environment.

The mathematical construction of the DMET bath proceeds through Schmidt decomposition
of the mean-field wavefunction. Partitioning the occupied orbitals into those localised on the
fragment and those on the environment, the ground-state Slater determinant can be written in a

form that reveals the entanglement structure:
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[Pyp) = 2 A [f) ® [by) (6)

where |f;) are fragment states, |b;) are bath states constructed from environment orbitals, and A;
are Schmidt coefficients measuring entanglement. The bath orbitals with non-zero Schmidt
coefficients are precisely those needed to represent the fragment-environment coupling, and
their number is bounded by the number of fragment orbitals regardless of environment size.
This construction ensures that the embedding problem remains tractable even for fragments em-

bedded in very large environments.

2.5 Incorporating Dynamic Correlation

The methods discussed thus far primarily address static correlation, the multireference character
arising from near-degenerate electronic configurations. For quantitative accuracy, one must also
capture dynamic correlation, the correlation energy arising from instantaneous electron-electron
interactions that cause electrons to avoid one another at short range. Dynamic correlation is typ-
ically dominated by double excitations from the active space into the external orbital space and

can be treated perturbatively once a reliable reference wavefunction has been established.

Multireference perturbation theories, including Complete Active Space Perturbation Theory
and N-Electron Valence State Perturbation Theory, provide systematic frameworks for adding
dynamic correlation to CASSCF or DMRG reference wavefunctions. The perturbative correc-

tion takes the general form
E@ =3 (¢ VHP)/ (E - E,®) (7)

where [¥,) is the reference wavefunction, |‘Pp(1)) are first-order perturber functions, and EP(O)
are zeroth-order energies. The summation runs over all perturber classes, including single and
double excitations into external orbitals, excitations within the active space, and mixed

excitations.

Implementing multireference perturbation theory with DMRG references presents technical
challenges, as the formal expressions require reduced density matrices up to fourth order.
Computing the four-particle reduced density matrix scales as L8 with active space size L, which
can become prohibitively expensive for large active spaces. Several strategies have been de-
veloped to circumvent this bottleneck. The cumulant approximation expresses higher-order
density matrices in terms of lower-order ones, exploiting the structure of the DMRG wavefunc-
tion to achieve good accuracy with substantially reduced cost. Alternatively, the internally con-
tracted formulation represents perturber functions as matrix product states, avoiding explicit

density matrix construction entirely. The Cholesky decomposition approach factorises the two-
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electron integrals, enabling efficient evaluation of perturbative corrections for systems with

over one thousand basis functions.

Divide-and-Conquer Strong Correlation

3. Computational Implementation and Workflow

The theoretical framework outlined above translates into a practical computational workflow il-
lustrated in Figure 5. Beginning with a full system calculation at the mean-field level, typically
using Kohn-Sham density functional theory, the researcher identifies the chemically critical re-
gion requiring high-level treatment. This partitioning decision represents the first engineering
choice in the workflow: selecting a fragment that captures the essential strong correlation whilst
remaining computationally tractable. For transition metal complexes, the fragment typically in-
cludes the metal d-orbitals and ligand orbitals directly bonded to the metal. For bond-breaking

processes, the fragment encompasses the orbitals involved in the breaking bond and any

strongly coupled spectator orbitals.

Embedding Workflow: From Full System to Accurate Properties

Full System
(DFT)

|

System
Partitioning

Self-
consistency

—

Fragment + Bath
Construction

v

High-Level Solver
(DMRG/SCI)

Dynamic
Correlation

v

Final Energy
& Properties

-

Figure 5. Flowchart depicting the computational workflow for quantum embedding calculations. The

process begins with a full-system DFT calculation, proceeds through system partitioning and bath

construction, applies a high-level solver (DMRG or selected CI) to the embedded fragment,

incorporates dynamic correlation corrections, and yields final energies and properties. The dashed

arrow indicates the self-consistency loop employed in DMET calculations, where fragment and global

density matrices are iteratively reconciled.

With the fragment defined, the embedding calculation constructs the bath orbitals and embed-

ding potential. For projection-based embedding, this involves localising the molecular orbitals,
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partitioning them between fragment and environment, and computing the level-shift operators
that maintain orthogonality. For DMET, the Schmidt decomposition identifies the bath orbitals
entangled with the fragment, and an initial embedding calculation provides starting values for
the self-consistency cycle. The computational cost of bath construction scales modestly with

system size and rarely constitutes a bottleneck.

The high-level calculation on the embedded fragment represents the computational core of
the workflow. Whether using DMRG, HCI, or another advanced solver, this step typically dom-
inates the total wall time. The choice of solver depends on the problem characteristics: DMRG
excels for large active spaces with moderate correlation strength, whilst selected CI methods
can be more efficient for smaller active spaces with very strong correlation. Hybrid approaches
that use selected CI within a DMRG framework offer additional flexibility. Regardless of the
solver chosen, careful attention to convergence parameters ensures reliable results. For DMRG,
the bond dimension must be increased until energies converge; for selected CI, the threshold

parameters must be tightened until the variational and perturbative components stabilise.

Following the embedded high-level calculation, dynamic correlation corrections are applied
through multireference perturbation theory. The DMRG-NEVPT2 or DMRG-CASPT?2 calcula-
tion adds the remaining correlation energy from excitations into external orbitals. For very large
systems, these perturbative corrections may themselves require approximations, such as the cu-
mulant decomposition or domain-based local correlation approaches. The final energy combines
contributions from the high-level fragment treatment, the low-level environment treatment, and

the perturbative dynamic correlation correction.

4. Benchmark Results and Method Validation

The capabilities of embedding methods combined with advanced solvers have been demon-
strated through extensive benchmark calculations on challenging strongly correlated systems.
These benchmarks serve both to validate the methods against reliable reference data and to es-
tablish their practical accuracy for chemically relevant applications. We summarise representat-

ive results that illustrate the strengths and limitations of current approaches.

Transition metal dimers provide stringent tests for multireference methods due to their high
density of states, multiple near-degenerate electronic configurations, and complex spin-coupling
patterns. The chromium dimer, Crz, has become a canonical benchmark owing to its formal sex-
tuple bond and notoriously difficult potential energy curve. DMRG calculations with active
spaces comprising the 3d and 4s orbitals of both chromium atoms, combined with NEVPT2 dy-
namic correlation corrections, reproduce the experimental binding energy and equilibrium bond

length to within chemical accuracy. The embedding approach enables treatment of larger chro-
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mium clusters and chromium compounds in realistic ligand environments, extending the applic-

ability of accurate multireference theory to systems of genuine chemical interest.

" Method Accuracy Comparison for Strongly Correlated Systems
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Figure 6. Comparison of method accuracy for representative strongly correlated molecular systems.
The vertical axis shows the error relative to reliable reference values (experimental or high-level
theoretical). CASSCF (red) captures static correlation but lacks dynamic correlation treatment,
resulting in systematic errors of 8-15 kcal/mol. DMRG with NEVPT2 dynamic correlation (blue)
achieves near-chemical-accuracy results below 4 kcal/mol error for all systems tested. The DMRG-in-
DFT embedding approach (teal) provides comparable accuracy whilst enabling treatment of much
larger surrounding environments. The horizontal dashed line indicates the chemical accuracy threshold
of 1 kcal/mol.

Iron-containing systems present particular challenges due to the near-degenerate spin states
characteristic of iron coordination chemistry. The iron-nitrosyl complex [Fe(CN)s(NO)J>~, fea-
turing a redox non-innocent nitrosyl ligand, has been studied extensively using projection-based
DMRG-in-DFT embedding. This approach correctly predicts the relative energies of the bent
and linear Fe-N-O isomers, whereas single-reference methods including standard DFT function-
als fail qualitatively. The embedding framework enables consistent treatment of the strongly
correlated Fe-NO unit whilst capturing the influence of the cyanide ligands at the DFT level,
achieving accuracy comparable to all-electron multireference calculations at substantially re-

duced computational cost.

Polynuclear metal clusters, including the Mn4CaOs oxygen-evolving complex of photosys-
tem II, represent the frontier of current embedding methodology. These systems combine mul-
tiple strongly correlated metal centres with complex magnetic coupling patterns, demanding

both large active spaces and accurate treatment of inter-centre interactions. DMRG-based em-
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bedding calculations have provided insights into the electronic structure and catalytic mechan-
ism of the oxygen-evolving complex, though significant uncertainties remain regarding some
aspects of the reaction pathway. Continued methodological development and benchmark valida-

tion will be essential for achieving definitive accuracy on these most challenging targets.

5. Discussion

5.1 Advantages of the Divide-and-Conquer Paradigm

The embedding approach to strong correlation offers several compelling advantages over altern-
ative strategies. Most fundamentally, it enables the targeted application of expensive high-level
methods precisely where they are needed, avoiding the waste of computational resources on re-
gions of the system that can be adequately described by simpler theories. This targeted treat-
ment aligns naturally with chemical intuition: the strongly correlated region typically corres-
ponds to recognisable chemical features such as metal centres, radical sites, or bond-breaking
coordinates, whilst the surrounding environment provides electronic stabilisation but does not

itself exhibit multireference character.

The modular structure of embedding calculations facilitates systematic improvement and er-
ror assessment. Each component of the calculation, including the fragment definition, the high-
level solver, the environment treatment, and the dynamic correlation correction, can be inde-
pendently varied to assess its contribution to the final result. This modularity enables practition-
ers to balance accuracy and cost according to the requirements of specific applications, tighten-
ing parameters for quantitative predictions whilst accepting looser convergence for exploratory
calculations. The ability to systematically improve results by expanding the fragment, increas-
ing the solver accuracy, or enhancing the environment treatment provides confidence that con-

verged results can be obtained when required.

The embedding framework also provides a natural pathway for incorporating additional
physical effects beyond the basic electronic structure. Vibrational contributions to free energies
can be computed using gradients and Hessians obtained at the embedding level. Solvent effects
can be included through continuum models applied to the environment region or through expli-
cit QM/MM approaches that couple the quantum mechanical embedding calculation to a mo-
lecular mechanical description of solvent molecules. Relativistic effects, important for heavy
elements including lanthanides and actinides, can be incorporated through appropriate treatment
of the high-level fragment calculation. This extensibility makes embedding a versatile platform

for addressing realistic chemical questions.

5.2 Challenges and Limitations
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Despite its considerable successes, the embedding approach to strong correlation faces import-
ant challenges that limit its applicability and reliability. Perhaps the most fundamental limitation
concerns the definition of the fragment itself. Whilst chemical intuition often provides reason-
able guidance, the optimal fragment choice is not always obvious, and results can exhibit non-
negligible dependence on seemingly arbitrary partitioning decisions. For systems where strong
correlation extends over large regions or where multiple distinct correlated centres interact
strongly, the fragment-based approach may not capture essential physics, leading to qualitative

errors that cannot be corrected through parameter refinement.

The treatment of inter-fragment interactions presents another significant challenge. When
multiple fragments are required, either to capture distinct correlated regions or because a single
fragment would exceed computational limits, the interactions between fragments must be
handled carefully. Simple additive schemes neglect inter-fragment correlation effects that may
be chemically significant. More sophisticated approaches, including density matrix embedding
with multiple fragments and cluster-in-molecule local correlation methods, address these inter-
actions explicitly but at increased computational cost and implementation complexity. The de-

velopment of robust multi-fragment embedding protocols remains an active research area.

Numerical stability and convergence represent practical concerns for embedding calcula-
tions. Self-consistent embedding schemes like DMET can exhibit slow convergence or multiple
solutions, requiring careful initialisation and convergence acceleration. The high-level solver
calculations, particularly DMRG at large bond dimensions, can face convergence difficulties in
challenging cases with dense low-lying spectra. Perturbative corrections for dynamic correla-
tion can become unreliable when the reference wavefunction is inadequate or when intruder
states cause divergences. Practitioners must remain vigilant for these numerical pathologies and

apply appropriate diagnostic checks and corrective measures.

5.3 Integration with Machine Learning

The intersection of multireference quantum chemistry with machine learning offers exciting
possibilities for extending the reach of embedding methods. Neural network potentials trained
on high-level reference data can provide efficient surrogate models for expensive quantum
chemical calculations, enabling molecular dynamics simulations and conformational sampling
that would be prohibitive with direct quantum chemical evaluation. Machine learning models
that predict optimal fragment definitions, embedding parameters, or orbital active spaces could
automate the engineering decisions that currently require expert judgement, democratising ac-

cess to advanced multireference methodology.

Neural network quantum states represent a more fundamental integration of machine learn-

ing with many-electron theory. These approaches parameterise the wavefunction directly using
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neural network architectures, with the network weights optimised variationally to minimise the
energy. Early results suggest that neural network quantum states can achieve accuracy competit-
ive with DMRG for certain systems whilst offering different scaling properties and potential ad-
vantages for highly entangled states. The combination of neural network representations with
embedding frameworks remains largely unexplored but could yield powerful hybrid

approaches.

Machine learning also promises to accelerate the component calculations within embedding
workflows. Neural network models of density functionals could provide improved accuracy for
the environment treatment, reducing errors that propagate into the final embedding result.
Learned representations of correlation effects could enable efficient approximation of perturbat-
ive corrections. Surrogate models trained on DMRG energies could guide orbital optimisation
and active space selection without requiring expensive full calculations at each step. The integ-
ration of these machine learning components into production quantum chemistry software re-

mains at an early stage but is progressing rapidly.

5.4 Quantum Computing Perspectives

The advent of quantum computers offers an alternative route to solving the strong correlation
problem. Quantum algorithms including the Variational Quantum Eigensolver and Quantum
Phase Estimation could, in principle, solve the electronic structure problem with resources scal-
ing polynomially with system size, rather than exponentially as for classical exact methods.
Current quantum hardware remains far from achieving this theoretical promise, with qubit
counts, coherence times, and gate fidelities all requiring substantial improvement before chem-

ically relevant calculations become practical.

Embedding provides a natural framework for leveraging near-term quantum devices despite
their limitations. By treating only the strongly correlated fragment on the quantum computer
whilst handling the environment classically, the quantum resources required for a given prob-
lem are dramatically reduced. This quantum-classical hybrid approach, sometimes termed
quantum embedding, could enable meaningful calculations on quantum hardware significantly
sooner than would be possible for full-system treatments. Early demonstrations of projection-
based embedding with quantum circuit solvers have shown promise, though substantial devel-

opment remains before practical chemical applications become feasible.

The interplay between classical and quantum approaches will likely evolve as quantum
hardware improves. Methods that are currently dominated by classical embedding with DMRG
or selected CI fragments may transition to quantum-classical hybrids as quantum solvers ma-
ture. The embedding framework provides a smooth pathway for this transition, with the clas-

sical environment treatment remaining unchanged whilst the fragment solver is upgraded. This
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evolutionary potential makes investment in embedding methodology valuable regardless of the

ultimate trajectory of quantum computing development.

6. Conclusion

The treatment of strong electron correlation in molecular systems has undergone a profound
transformation over the past two decades. What was once an insurmountable exponential wall
has become, through the divide-and-conquer paradigm, a series of tractable engineering prob-
lems amenable to systematic optimisation. The combination of advanced polynomial-scaling
solvers including DMRG and selected configuration interaction with quantum embedding
frameworks enables accurate treatment of strongly correlated regions within large molecular

systems, capturing physics that was previously inaccessible to computational investigation.

This methodological revolution has tangible consequences for chemical research. Transition
metal complexes central to catalysis and biology can now be modelled with confidence in the
accuracy of electronic structure predictions. Bond-breaking processes, excited states, and rad-
ical reactions can be studied without the systematic errors that plagued single-reference ap-
proaches. The mechanisms of enzymes and the properties of advanced materials are yielding to

computational investigation at unprecedented levels of detail and reliability.

Looking forward, the trajectory of the field points toward increasing automation, broader
applicability, and deeper integration with complementary technologies. Machine learning will
likely play an expanding role in optimising embedding calculations and extending their reach to
larger systems and longer timescales. Quantum computers, as they mature, will provide altern-
ative high-level solvers that may eventually surpass the capabilities of classical methods. The
embedding framework provides a robust foundation for incorporating these advances whilst
maintaining the systematic improvability that distinguishes rigorous quantum chemistry from

empirical alternatives.

The grand challenge of strong correlation is not yet fully solved. Truly delocalised correla-
tion extending over many atoms, the simultaneous treatment of static and dynamic correlation
on equal footing, and the routine achievement of spectroscopic accuracy for complex molecules
all remain open problems requiring continued methodological development. Nevertheless, the
divide-and-conquer paradigm has fundamentally changed what is possible, transforming com-
putational strong correlation from a domain of fundamental research into a practical tool for

chemical discovery and design.
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7. Demonstration Code

Python Implementation: DMRG-in-DFT Embedding Workflow using PySCF and Block2

Demonstration of DMRG-in-DFT embedding workflow using PySCF and Block2
This code illustrates the divide-and-conquer approach to strong correlation

Requirements:
pip install pyscf block2

import numpy as np
from pyscf import gto, scf, mcscf, lo
from pyscf.mcscf import avas

def create_molecule():
"""Define a transition metal complex with strong correlation."""
mol = gto.Mole()

mol.atom = '''
Fe 0.000 0.000 0.000
N ©0.000 0.000 1.700
0 0.000 0.000 2.850
C 2.000 0.000 0.000
N 3.150 ©0.000 0.000
C -2.000 0.000 0.000
N -3.150 0.000 0.000
C 0.000 2.000 0.000
N ©0.000 3.150 0.000
C ©0.000 -2.000 0.000
N 0.000 -3.150 0.000

mol.basis = 'def2-svp'

mol.charge = -2

mol.spin = 0@
mol.build()
return mol

def run_dft_embedding_calculation(mol):
Execute DFT calculation and prepare embedding.
Returns mean-field object and localised orbitals.
# Perform restricted Kohn-Sham DFT calculation
mf = scf.RKS(mol)
mf.xc = 'pbe0@'
mf.kernel()

# Localise occupied orbitals using Pipek-Mezey scheme

occ_orbs = mf.mo_coeff[:, mf.mo_occ > 0]
loc_orbs = lo.PM(mol, occ_orbs).kernel()

file:///nome/ubuntu/article.html 20/25



1/17/26, 5:52 AM

def

def

Divide-and-Conquer Strong Correlation
return mf, loc_orbs

construct_active_space(mol, mf):

Construct active space using AVAS (Atomic Valence Active Space).

Selects orbitals with significant Fe 3d and NO pi* character.
# Define AO labels for active space selection
ao_labels = ['Fe 3d', 'N 2p', 'O 2p']

# Apply AVAS to select active orbitals
norb_act, nelec_act, mo_coeff = avas.avas(
mf, ao_labels,
threshold=0.2,
canonicalize=True

print(f"Active space: ({nelec_act}e, {norb_act}o)")
return norb_act, nelec_act, mo_coeff

run_dmrg_solver(mol, mf, norb, nelec, mo_coeff, bond_dim=500):

Execute DMRG calculation using Block2 interface.

Parameters:
mol: PySCF molecule object
mf: Mean-field calculation object
norb: Number of active orbitals
nelec: Number of active electrons
mo_coeff: Molecular orbital coefficients
bond_dim: DMRG bond dimension (controls accuracy)

Returns:
CASCI object with DMRG energies

from pyscf import dmrgscf

# Configure DMRG solver

mc = mcscf.CASCI(mf, norb, nelec)

mc.fcisolver = dmrgscf.DMRGCI(mol, maxM=bond_dim)
mc.fcisolver.threads = 4

mc.fcisolver.memory = 8 # GB

# Set convergence parameters
mc.fcisolver.conv_tol = 1e-8
mc.fcisolver.scheduleSweeps = [0, 4, 8, 12, 16, 20]
mc.fcisolver.scheduleMaxMs = [

bond_dim//4, bond_dim//2, bond_dim,

bond_dim, bond_dim, bond_dim

]

mc.fcisolver.scheduleNoiseMults = [1.0, 1.0, 1.0, 0.5, 0.2, 0.0]

mc.fcisolver.scheduleDavThrs = [1e-5]*6

# Execute DMRG calculation

file:///nome/ubuntu/article.html

21/25



1/17/26, 5:52 AM Divide-and-Conquer Strong Correlation
e_dmrg = mc.kernel(mo_coeff)

return mc, e_dmrg

def add_dynamic_correlation(mc, method='NEVPT2'):

Add dynamic correlation using multireference perturbation theory.

Parameters:
mc: Converged MCSCF/CASCI object
method: 'NEVPT2' or 'CASPT2'

Returns:
Total energy with dynamic correlation
if method == 'NEVPT2':
from pyscf.mrpt import nevpt2
e_corr = nevpt2.NEVPT(mc).kernel()
elif method == 'CASPT2':
from pyscf.mrpt import caspt2
e_corr = caspt2.CASPT2(mc).kernel()
else:
raise ValueError(f"Unknown method: {method}")

e_total = mc.e_tot + e_corr
print(f"{method} correlation energy: {e_corr:.6f} Ha")
print(f"Total energy: {e_total:.6f} Ha")

return e_total

def analyse_wavefunction(mc):
"""Extract chemical insights from DMRG wavefunction."""
# Compute natural orbital occupation numbers
rdmli = mc.fcisolver.make_rdml(mc.ci, mc.ncas, mc.nelecas)
occ_numbers = np.linalg.eigvalsh(rdm1l)[::-1]

print("\nNatural orbital occupation numbers:")
for i, occ in enumerate(occ_numbers):
if 0.02 < occ < 1.98: # Fractional occupation indicates correlation
print(f" Orbital {i+1}: {occ:.4f} (strongly correlated)")
else:
print(f" Orbital {i+1}: {occ:.4f}")

# Assess multireference character
n_strongly_correlated = np.sum((occ_numbers > 0.1) & (occ_numbers < 1.9))
print(f"\nNumber of strongly correlated orbitals: {n_strongly correlated}")

return occ_numbers

# Main execution workflow
if __name__ == "__main__":

print("="*60)

print ("DMRG-in-DFT Embedding Calculation")

print("Divide-and-Conquer Approach to Strong Correlation")
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print("="*60)

# Step 1: Build molecular system
print("\n[1] Constructing molecular system...")
mol = create_molecule()

# Step 2: Run DFT for environment

print("\n[2] Running DFT calculation for environment...")
mf, loc_orbs = run_dft_embedding_calculation(mol)
print(f"DFT energy: {mf.e_tot:.6f} Ha")

# Step 3: Define active space (fragment)
print("\n[3] Constructing active space (fragment)...")
norb, nelec, mo = construct_active_space(mol, mf)

# Step 4: Solve fragment with DMRG

print("\n[4] Solving fragment with DMRG...")

mc, e_dmrg = run_dmrg_solver(mol, mf, norb, nelec, mo)
print(f"DMRG energy: {e_dmrg:.6f} Ha")

# Step 5: Add dynamic correlation
print("\n[5] Adding dynamic correlation (NEVPT2)...")
e_final = add_dynamic_correlation(mc, 'NEVPT2')

# Step 6: Analyse results
print("\n[6] Analysing wavefunction character...")
occupations = analyse_wavefunction(mc)

print(ﬂ\nll + ":"*60)
print("Calculation complete!")
print("="*60)
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